# HIGH LEVEL SUMMARY

## Summary

This paper investigates the quantitative welfare comparison between the Probabilistic Serial
(PS) and Random Priority (RP) mechanisms in random assignment markets with $m$ object
types, $q$ copies per type, and $n = mg$ agents with independent and uniformly distributed
preferences. The authors prove that PS achieves a near-constant expected average rank
bounded above by $\log™™* m + 3.4$ for every quota $g$ (and with high probability is of order
$\log™* m$), which is asymptotically tight ($\sim \log™* m$) for any fixed $g$. By contrasting this
uniform guarantee with RP's quota-dependent expected average rank of $\Theta(1 + (\log
m)/q)$, the paper resolves a long-standing tension in the market design literature: it establishes
a sharp phase transition showing that the expected average-rank gap between RP and PS
vanishes if and only if $q$ grows faster than $\log m$. Finally, the authors demonstrate that PS's
iterated-logarithmic rank efficiency and asymptotic dominance over RP extend robustly to
markets with unequal quotas, imbalanced supply and demand, and correlated preferences
governed by bounded Plackett—Luce popularity weights.

## Strengths

* The paper establishes a novel and striking theoretical benchmark by showing that PS achieves
an iterated-logarithmic expected average rank ($\le \log"* m + 3.4$ uniformly over $g$, and
$\sim \log"* m$ for fixed $g$), placing PS in a distinct efficiency class between classical
$\Theta(\log m)$ priority/decentralized mechanisms and the constant-rank global first-best
benchmark.

* By characterizing the exact replication threshold $q / \log m$, the work elegantly reconciles
two foundational yet seemingly conflicting paradigms in the literature—namely, why RP is
almost never ordinally efficient in one-copy markets while becoming asymptotically equivalent
to PS in replica economies—and offers clear practical guidance on when mechanism selection
matters.

* The mathematical techniques developed for the proofs—including adapting Knuth's principle
of deferred decisions to a continuous simultaneous-eating process, bounding underloaded
surviving types across consumption phases, and leveraging congestion and remaining-supply
accounting identities—are rigorous, original, and yield remarkably tight finite-sample constants.

* The extensions to heterogeneous capacities, supply-demand imbalances, and Plackett—Luce
popularity correlations convincingly demonstrate that PS's near-constant rank efficiency is a
structural consequence of simultaneous consumption rather than a fragile artifact of exact
market symmetry.

## Weaknesses

* In the correlated preferences extension with heterogeneous Plackett—Luce popularity weights
(Section 5.3, Theorem 5.4), the $O_\kappa(\log"™* m)$ welfare bound for PS is derived under
truthful reporting; however, because interim ordinal Bayesian incentive compatibility (OBIC)



relies on the symmetry of the uniform prior and is not locally robust to asymmetric priors, the
authors might consider briefly noting in Section 5.3 that this extension serves as a truthful-
reporting benchmark whereas RP retains dominant-strategy incentive compatibility (Reference
Paper: Ordinal Bayesian Incentive Compatibility in Random Assignment Model, Sulagna
Dasgupta, Debasis Mishra, 2022).

* In the proof of the fixed-quota lower bound (Section 4.3, Equation 24), the text could be
slightly clearer for the reader by explicitly emphasizing that $(1-\eta)g|\mathcal{U}_j|$ bounds
the untouched supply already consumed *prior to the end of prefix $k_{j+1}$* (at time
$\sigma_{k {j+1}}$), which immediately explains why bounding each pre-$k_{j+1}$ consumer's
contribution by $\sigma_{k_{j+1}} - \sigma_\ell \le 1 - \sigma_\ell$ is valid without needing to
track arrivals after draw $k_{j+1}$.

## Potential Issues And Suggestions

### [Introduction, Model Setup, Main Theorem Statement, and Conclusion] (Lines: 1-193, 665-
695)

#### Potential Mistakes and Improvements

No significant issues found.

#### Minor Corrections and Typos

***| ine 191:** Missing space after the period in "\Cref{sec:proof}.Appendix~\ref{app:ps-
proofs} .

### [Comparison with Random Priority and Replica Thresholds] (Lines: 194-265, 1090-1200)
#### Potential Mistakes and Improvements

No significant issues found.

#### Minor Corrections and Typos

* ** ines 1106-1108 (Lemma B.1):** The displayed inequality in Equation~\egref{eq:replica-rp-
bounds} ends with a period (... + \frac{\log m}{q}."), while Line 1108 continues the sentence
with a lowercase ‘where". Replace the period at the end of Line 1106 with a comma.

### [PS High-Probability Upper Bound and Fixed-Quota Lower Bound] (Lines: 266-484, 696-858)
#### Potential Mistakes and Improvements

No significant issues found.



#### Minor Corrections and Typos

No minor corrections or typos found.

### [PS Explicit Expected-Rank Bound, Congestion Identity, and Quota Refinement] (Lines: 485-
527, 859-1089)

#### Potential Mistakes and Improvements

No significant issues found.

#### Minor Corrections and Typos

No minor corrections or typos found.

### [Robustness Extensions: Unequal Quotas, Unbalanced Markets, and Correlated
Preferences] (Lines: 528-664, 1201-1304)

#### Potential Mistakes and Improvements

No significant issues found.

#### Minor Corrections and Typos

None found.



